CS360 - Assignment 2
2.3-5 Binary Search

Binary_Search(A, v, low, high)

if low <= high // Still elements to check
mid = (low+high)/2 // Get midpoint of remaining elements
if v = A[mid]
return mid // We found it!
if v < A[mid]
return Binary_Search(A, v, low, mid-1) // Discard lower half
else

return Binary_Search(A, v, mid+1, high) // Discard upper half
return nil // Bummer - element not found!

Intuitively we see that the worst case behavior occurs when the element is not in
the array. In this case, the recursion will continue to execute cutting the array
in half until 3z = 1 = k = Ign. Since the function body is ©(1), i.e. there are
no loops in it, the worst case run time would be T'(n) = (Ign)0(1) = O(lgn).
However this is not a proof of the run time. Instead, we must construct the
recursive equation and solve it via the Master theorem. Since at each pass we
cut the number of elements into a single half with constant time operations at
each pass (simply a comparison and computation of the next midpoint), the
recursive equation is given by:

T(n)=T(n/2) +6(1)
Applying the master theorem:
1. f(n) = O(1) hence we convert the asymptotic bound to f(n) =c

2. For this equation a =1, b =2, f(n) =c

w

. Computing nloge @ = plogal — 0 — 1
p

N

. We see that f(n) = ¢ 7&" 1 so we try Case 2 where f(n) =c=0(1) =
Case 2.

Hence the solution is given by T'(n) = ©(n'°%%lgn) = O(Ign).
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a. Since 1g" n = o(n®) (logs are bounded by polynomials) = lg"n = O(n®) (i.e.
<=x)

Also if 1g" n = o(n®) = 1g¥ n # w(n®) (e <=3%)

Likewise 1g¥ n = o(n®) = 1g" n # Q(n?) (i.e <=3)

Finally since 1g¥ n # Q(n®) = 1g" n # 0(n%) (i.e <=#)

b. Since n* = o(c™) (polynomials are bounded by exponentials)
By similar argument as above = n* = O(c") (i.e. <=<)

n* #£w(c) (e <=%¥)

n* #£Q(c") (i.e <=%)

nk #£ 0(c") (i.e <=#)

c. Since sinn takes on values in the range [—1, 1] periodically = ni"" takes on
values [n~!,n'] = [1/n,n] periodically However since 1/n < \/n < n for all n,
= \/n is never always <, >, or = n*" for all n > ng

= /n is not asymptotically bounded by n»".

d. Using the limit test for w on pg. 48, we can easily show that
lim,, 00 ;Lﬁ = lim,, 00 2™/ = 00

= 2" = w(2"/?)

Using a reverse argument as (a) gives = 2" = Q(2/?) (i.e. >=>)
2" £ 0(2?) (i.e >=¢)

2" £ 0(2"?) (ie >=><)

2" £ 0(2"2) (i.e >=#)

e. By equation 3.15, n'8¢ = ¢!8", so by the reflexive property
nlgc — @(Clgn) nlgc — Q(Clgn) nlgc _ O(Clgn)

Since n'e¢ = Q(cls")

= n'8¢ £ o(clI") (ie. ==+«) and n'2¢ # w(clI") (ie. ==%)

f. Since lg(n™) = nlgn from equation 3.18 = lg(n!) = ©(nlgn) which by the
theorem gives lg(n!) = O(nlgn) (==<) and lg(n!) = Q(nlgn) (==>)
Similarly to part (e) lg(n!) # o(nlgn) (==¢) and lg(n!) # w(nlgn) (==%¥)



4.5-1b. T(n) =2T(n/4) +/n
Applying the master theorem:

1. f(n) = y/n does not contain any asymptotic bounds that need conversion

2. For this equation a = 2, b =4, f(n) = \/n = n">
3. Computing n'°8» @ = plogs2 = p0-5,

4. We see that f(n) = n%® "~" n05 so we try Case 2 where f(n) = n%° =
O(n°%) = case 2.

Hence the solution is given by T'(n) = ©(n!°%%1gn) = O(n*?lgn) = O(y/nlgn)
d. T(n) =2T(n/4) +n
Applying the master theorem:
1. f(n) = n does not contain any asymptotic bounds that need conversion
2. For this equation a =2, b=4, f(n) =n
3. Computing n!°8s ¢ = ploga2 = n0-5,

4. We see that f(n) = n 7>" n%® so we try Case 3 where f(n) = n =
Q(n%57¢) for € < 0.5. Let € = 0.5 (or any other value in the given range)
= n = Q(n05105)) = Q(n!) = Q(n), then possibly case 3.

Checking regularity

af(n/b) < cf(n)
o<
1 = cn
ro<
5 = cn
= L < <1
5 = c

So select any value of ¢ in this range, e.g. let ¢ = 3/4, satisfies regularity.

Hence the solution is given by T'(n) = O(f(n)) = ©(n).



4.5-2 Professor Caesar wants to develop a matrix-multiplication algorithm that is
asymptotically faster than Strassen’s algorithm. The algorithm will divide each
matrix into n/4an/4 submatrices, and the divide and combine steps together
will take ©(n?) time. Suppose the algorithm creates a recursive subproblems of
size n/4. What is the largest integer value of a for which the algorithm could
possibly run asymptotically faster than Strassen’s algorithm?

Note: Strassen’s algorithm runs in ©(n'#7) = O(n'87).

Hence the recursive equation for Professor Caesar’s algorithm will be given by:
T(n) = aT(n/4) + ©(n?)

Since the divide and combine steps are only ©(n?) which is asymptotically less
than Strassen’s ©(n'87), the recursive term will be the one which will limit a
Case 1 solution where cn? = O(n'°89=¢) = O(n'87).

Thus we will need n'°% ¢ < n'87 giving

logya < g7
logya < lg7
<
<

a 4lg T _ 410g4 49

a 49

Hence the largest integer value for a which will allow Professor Caesar’s algo-
rithm to run asymptotically faster than Strassen’s is a = 48.



4-1b. T(n) =T8n/11)+n

Applying the master theorem:

1.

f(n) = n does not contain any asymptotic bounds that need conversion
For this equation a =1, b=11/8, f(n) =n
Computing n'°8 ¢ = plodu/s1 = p0 — 1,

We see that f(n) =n ">" 1 so we try Case 3 where f(n) =n = Q(n’°)
for ¢ < 1. Let € = 0.5 (or any other value in the given range) = n =
Q(n0+5)) = Q(n05), then possibly case 3.

Checking regularity

af(n/) < cf(n)
n

mE =
%n < cn
:>% < ex<1

So select any value of ¢ in this range, e.g. let ¢ = 4/5, satisfies regularity.

Hence the solution is given by T'(n) = O(f(n)) = ©(n).

c. T(n) =16T(n/4) + n?

Applying the master theorem:

1.

f(n) = n? does not contain any asymptotic bounds that need conversion
For this equation a = 16, b = 4, f(n) = n?
Computing n'°g @ = nloss 16 = p2,

We see that f(n) = n? "~ n? so we try Case 2 where f(n) = n? = O(n?)
= case 2.

Hence the solution is given by T'(n) = O(n!°%%1gn) = O(n%lgn).



f. T(n) =TT (n/2) + n?lgn

Applying the master theorem:

1.

f(n) = n?lgn does not contain any asymptotic bounds that need conver-
sion

. For this equation a = 7, b =2, f(n) = n?lgn

Computing nlogs @ = plog, 7 — ,2.81
We see that f(n) = n?lgn "<” n?® (since all polynomials upper bound
all logs) so we try Case 1 where f(n) = n?lgn = O(n?817¢) for € <
81. Let ¢ = 0.5 (or any other value in the given range) = n?lgn =
O(n281=5)) = O(n?3") so case 1.

Hence the solution is given by T'(n) = ©(n!°%%) = (n!s 7).

Implementation:
Is there a table showing the empirical data for both element ranges (but it
should not contain the calculated trend values)?

Is there a graph with:

1. The empirical data for both element ranges plotted as only points

2. The calculated trend for each element range plotted as only a curve

3. A legend listing each data set and showing the trend curve function with

the approximated constant

4. Properly labelled graph axes



Merge Sort

Merge Sort
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Small Data Set
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The graph above illustrates that the asymptotic curve is slightly below the
empirical data for small data set sizes indicating that lower-order terms are
significant.



Insertion Sort vs. Merge Sort

Insertion vs. Merge
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The graph above illustrates that insertion sort runs faster for small data sets
where n <~ 64. Above this data set size, merge sort is faster with a widening
gap as the data set size grows due to the more efficient asymptotic behavior.



